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^ ■ Abstract 

We analyze the class of models where a suitable coupling between the inflaton field and the vector field 

gives rise to scale- invariant vector perturbations. We exploit the fact that the de Sitter isometry group 

^ I acts as conformal group on the three-dimensional Euclidean space for the super-Hubble fluctuations in 

10 ' order to characterize the correlators involving the inflaton and the vector fields. 
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1 Introduction 

It has recently become clear that symmetries play a crucial role in characterizing the properties of the 
cosmological perturbations generated by an inflationary stage [1]. During inflation the de Sitter isometry 
group acts as conformal group on M^ when the fluctuations are on super-Hubble scales. During such 
a stage, correlators are constrained by conformal invariance as the S0(l,4) isometry of the de Sitter 
background is realized as conformal symmetry of the flat M'^ sections [2-6]. This happens when the 
cosmological perturbations are sourced by light scalar fields other than the inflaton (the field that drives 
inflation). In the opposite case in which the inflationary perturbations originate from only one degree 
of freedom, conformal consistency relations among the inflationary correlators have also been recently 
investigated [7-12]. Similarly, one may study the symmetries enjoyed by the Newtonian equations of 
motion of the non-relativistic dark matter fluid coupled to gravity which give rise to the phenomenon of 
gravitational instability and reveal consistency relations involving the soft limit of the (n + l)-correlator 
functions of matter and galaxy overdensities [13,14]. 

On the other hand, there has been recently a lot of interest in models which can produce vector 
field perturbations during inflation. There are mainly two reasons. On one side, one might hope to 
generate large-scale magnetic fields if vector field perturbations are excited during a de Sitter stage [15]; 
on the other side claims of broken statistical invariance of the CMB modes, as hinted also by the recent 
Planck satellite data [16], have put forward the proposal that such a breaking might be due to vector 
fields [17-26]. 

In this paper we shall investigate the symmetry properties of the vector field models with a kinetic 
term given by 
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L = --l\<l^)Fl^, (1.1) 



where cj) indicates the inflaton field. Vector perturbations can be generated if the function I{(j)) has the 
appropriate time dependence [27,28]. In particular, if / ~ a", being a the scale factor, magnetic modes 
are generated during inflation with a scale-invariant spectrum for n = 2 and n = —3. In the first case, 
however, a too large electromagnetic coupling constant is generated during inflation [29,30], while the 
second case implies a too large energy density in the electric modes. Nevertheless, some recent work 
have investigated the cross-correlations between primordial perturbations and large-scale magnetic fields 
induced by the coupling (1.1) [31-35] as well as the (possibly too large) contribution from the vector 
modes to the anisotropic power spectrum of the curvature perturbation [36-40]. For these reasons, the 
reader should be aware that it might not be healthy to identify the vector field with the electromagnetic 
field. At any rate, the goal of this paper is to analyze the conformal symmetries enjoyed by the vector 
perturbations on super-Hubble scales. We will see that the action associated to the Lagrangian (1.1) 
respects the conformal group on M^ when the fluctuations are on super-Hubble scales and therefore the 
correlators involving the inflaton and the vector fields must be invariant under conformal transformations 
of Euclidean three-space on the future boundary. This will allow us to write down the appropriate Ward 



identites as well as the two- and three-point correlator between the inflaton field and the vector fields, 
thus explaining some features found recently in the literature. 

The paper is organized as follows. In section 2, as a warm-up, we describe the conformal symmetries 
of de Sitter for the action of a massive scalar field; in section 3 we analyze the conformal symmetries of 
de Sitter in the presence of a vector field, and describe the correlators in section 4. Finally, section 5 
contains our conclusions. 

2 Conformal symmetries of de Sitter and the scalar field 

Let us start by recalling some of the properties of the conformal symmetry in de Sitter. Conformal 
invariance in three-dimensional space M^ is connected to the symmetry under the group SO (1,4) in the 
same way conformal invariance in a four-dimensional Minkowski spacetime is connected to the S'0(2,4) 
group. As S'0(l,4) is the isometry group of de Sitter spacetime, a conformal phase during which fluc- 
tuations were generated could be a de Sitter stage. In such a case, the kinematics is specified by the 
embedding of M^ as flat sections in de Sitter spacetime. The de Sitter isometry group acts as conformal 
group on M'^ when the fluctuations are super-Hubble. It is in this regime that the S'0(l,4) isometry 
of the de Sitter background is realized as conformal symmetry of the flat M^ sections. Correlators are 
expected to be constrained by conformal invariance. All these reasonings apply in the case in which the 
cosmological perturbations are generated by light scalar flelds other than the inflaton, in particular vector 
perturbations. Indeed, it is only in such a case that correlators inherit all the isometries of de Sitter. 

Let us first describe the case of the scalar field. The de Sitter space in conformally flat coordinates 
is described by the metric 

ds' = j^{-dT' + dx'). (2.1) 

It can easily be checked that the transformations 



•Ij f Ju A — tiij 



+ M{x., (2.2) 



i-^J' 



Xj — )• Xj = Axj, T ^ T = Xt, (2-3) 

, ^/ _ Xj + bi{-T^ + x^) r^T' = - (24) 

are isometries of the de Sitter metric. They correspond to translations (by a vector a), rotations (M*), 
dilations (by a real parameter A) and special conformal transformations (parametrized by a real vector 6), 
respectively. In particular, for inflnitesimal parameters and for super-Hubble scales (r — >• 0), the special 
conformal transformations read 



x' = x + 6x = x{l-2b-x) + bx^, t -^ t' = t + 5t = t{1 -2b ■ x) (2.5) 



and we recognize the 3D special confornial transformations in flat R'^. We also note that special conformal 
transformations can be written as 



r' 



Xa Xo 



(2.6) 
+ bi (2.7) 



— t'2 + x'^ — T^ + X^ 

and therefore they can be generated by 

(inversion) x (translation) x (inversion), (2-8) 

where by inversion we mean 

T ^ T ^ T~~; ^) Xj — >■ Xj = K ; ^. l^-yj 

— r^ + x^ — T^ + x^ 

In other words, the special conformal transformations are generated by the transformation chain 

X ' 

T ^ t' = 'L^i , Xi -> X- = n-T^n, (inversion) (2.10) 

t' -^ t" = r', X- -^ X-' = X ■ + 6i, (translation) (2.11) 

x" 
-."Cx"^ ' ^i' ^ ^^" = _^//2^^//2 ' (inversion). (2.12) 



Now, the action for a scalar field 



5 = ^ /"d^xV^(-a^0a^,/<-mV') (2.13) 

and on a de Sitter background it is written as 

1 /■ d'^xdr / ,,„„ ^ 'm? ')\ , . 

^=2j IP^ [^'^'^^^■^^ - lp72<t>') ■ (2-14) 

It is easy to verify that (2.14) is invariant under the transformations (2.4) if (J){x,t) transforms as 

</.(x,t)^<^'(x,t), (2.15) 

satisfying (/>'(x',t') = (J){x,t). Indeed, for an inversion 

x^ ^ x^' = ^ (2.16) 

x^ 

we have that 



where 



d, = {x')r^dl, (2.17) 



J^, = n-2^. (2.18) 

x^ 



Then invariance of the action (2.14) follows from (2.15) and the relation 

KJ'p = 5%- (2.19) 

The field equation for the scalar field is 

52> - -5,0 - V^^ + -^0 = 0. (2.20) 

On super-Hubble scales we can isolate the time-dependent behavior as 



<^(f,r)~r^±x(x), ^± = \(l±^jl-^\. (2.21) 

Let us therefore write for Ht <^ 1 

0(x, r) = {Hrf xix), 8^^, r) = -qy{x, r), (2.22) 

r 

where we have kept the dominant solution at large times, that is that with A = A_. In this case we get 

S = —^j -J^^ [iy<l^) - ff2^2 '^ ) ■ (2-23) 

Note that for r^ ^ af^, the inversion (2.9) is written as 

t^t' = -^, xi^x'i = ^, (2.24) 

and leaves invariant the action (2.23) as can easily be checked for a (J){x,t) satisfying (2.15). In addition, 
in this case, (2.23) is also invariant under rescalings (2.4). When the inversion (2.24) and the dilation 
(2.4) are combined with translations and rotations, they generate the 3D conformal group acting on M^ 
and (2.20) therefore possesses full 3D conformal invariance. Note that the transformation of <J){x,t), see 
Eq. (2.15), is written in terms of x &s 

<t>'{x',T') = {Ht')^x'{x') = 4>{x,t) = {Ht)^x{x), (2.25) 

so that X transforms under dilations (2.4) and inversions (2.24) as 

x'iXx) = X-'^xix) , X' (^) = I^I'^X(^), (2.26) 

respectively. These are exactly the transformations we are expecting of a primary field of dimension A. 
Therefore, on super-Hubble scales, the theory possesses 3D conformal invariance if the time-independent 
field xix) has scaling dimension A. 

Let us rephrase in other terms and look at the infinitesimal version of the special conformal transfor- 
mations on super-Hubble scales, that is the transformation (2.5). Under such an infinitesimal (passive) 
transformation, the scalar field variation reads 
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X, t) ~ 6x^df^(t>{x, t) 



—6Tdr4>{x, t) + 6x ■ V(/)(x, r) = (26 • x)Tdr4>{x, r) — (26 • x)x ■ V(f){x, r) + x^ 6 • V((>{x, r) 
A(26 • f)(^(f , r) - (26 • x)x ■ V0(x, r) + f^ 6 • V(/)(x, r), (2.27) 



which gives 



5xix) = A{2b ■ x)xix) - {2b ■ x)x ■ Vxix) + x'^ b ■ Vxix). (2.28) 

This is precisely the transformation of a primary field with weight A under 3D special conformal trans- 
formation. Therefore, correlation functions of scalar fields on de Sitter must be invariant under conformal 
transformations of Euclidean three-space on the future boundary r = 0. Similarly, an interaction of the 
form 

Ss = I d^x./^f,^^ix, t) = I ^^ ^ (i7r)3^ xHx, r) (2.29) 

is invariant under 3D conformal symmetry. In fact, all non-derivative interactions of the form 

S^ = l d'xV^^,^^ = I ^ ^ (Hrf^ x'^ix, r) , (2.30) 

are invariant under 3D conformal symmetry, although subleading with respect to (2.29) on super-Hubble 
scales for A*" > 3. 

3 Conformal symmetries of de Sitter and the vector field 

Let us consider now the case of a massless vector field A^{x,t). In particular we consider the action 

Sa = -\j d^x./^l\^)F^,F^,g^-g-P, (3.1) 

with gauge coupling g = l//(0). In the de Sitter background, this action is written as 

Sa = -\ fd'xdTI\c|))F^,F,pr]^'^r]^'P, (3.2) 

where rj^u is standard Minkowski metric. In the Aq = gauge, the action (3.2) turns out to be 

Sa = -\J d^xdTl\<P) (^f - {diAj - djAif) . (3.3) 

We will assume that 

/(</>) = /(r) = {Hr)-- (3.4) 



and we would like to see for which values of n the action (3.3) is invariant under the 3D confornial group. 
It is clear that the most stringent constraint will arise from the invariance under the inversion (2.24). 

We should recall that a vector Xi with scaling dimension Ax in D-dimensions transforms under the 
conformal group as Xi{x) — t- X''{x') where 



X'Ax') 



det 



dx'-' 
dx'- 



il~Ax)/D 



dx^ 



-^Xj(x). 



In general, a tensor Ti^i^...^^ transforms as 



nJ2---Jn v^ / 



det 



dx'^ 
dx^ 



{n~AT)/D 



dx- 



dx^^ dx^^ ax> 



dx"^ dx 



/«2 



dx' 



^jlJ2---jn\X)^ 



where Ay is its conformal dimension. Thus, for example, under rescalings we have 

Xl{x') = X~^ Xi{x), 
whereas for the inversion (2.24) 

Xl{x') = |f|2+2(^-l)j.J'(x)Xj(x). 

The action (3.3) is 

Expressing Ai in terms of the field aj as 

Ai{x,T) = {HTYai{x,T), 
we get that 



SA = -\U^xdTUdra,f + 



2 "i ~ (^*«J ~ "^jO-i) 



(3.5) 



(3.6) 

(3.7) 
(3.8) 

(3.9) 

(3.10) 

(3.11) 



It can be checked that the action (3.11) can only be invariant under inversion (2.24) if the dimension of 
the vector a^ is A^ = 1. Indeed, under inversions, the vector Oj transforms as 

(1-Aa)/D 



a-(x') 



det 



dx •' 
dx^ 



dx^ 



dx 



■j-^ajix). 



(3.12) 



This is a coordinate transformation augmented by the factor j'.^"^")/^ where J = det{dx'-' /dx 
Then, when transforming fij = {diUj — djUi), there will appear cross terms of the form ajdiJ which 
cannot be canceled and will spoil conformal invariance. In fact, conformal invariance can be maintained 
if the J factor in the transformation (3.12) is missing. This is possible for 



A„ = 1. 



(3.13) 



Then, by using that 



//• = |f|^ Jik Jji fki , dr'a'i = \x\^ Jij drttj (3.14) 



Tij = \^\ -Jik 'Jjl Jkl , Ur'U^ = \X\ Jij UrUj 

and the orthogonahty relation (2.19), the action (3.11) turns out to be under the inversion (2.24) 
Sa' = -^ Id^x'dr' |(a.,aD2 + !^i!i±llaf - {d',a'^ - d'^a[f 

|-|8 \ fp> \2 , ^(^^ + 1) 2 /o ON 



4 J \x\' 

Sa . (3.15) 



As we did for the scalar, the field equations for Oj at super-Hubble scales is 

„9 n(n + 1) , , 

a^^Oi - ^ , U i = 0. 3.16 

The general solution is written as 

a, = (//T)-"V-,(f) + {Ht)'+^U^{x). (3.17) 

Depending on the value of n, the leading term is different. So, there will be two cases, which we will call 
"magnetic" and "electric" respectively. 

3.1 The magnetic case 

The excitations of the vector field during a de Sitter epoch generate magnetic-like fluctuations iin > —1/2. 
In this case, the solution is 

a, = {HT)-''V^{x) (3.18) 

and the conformal dimension of Vi can be determined by the conformal dimension of Oj (which is A^ = 1) 
to be 

Av = -n+l. (3.19) 

Indeed, under rescaling t ^ t' = Xt and x — )• x' = Ax we get 

a^(x',T') = (Ft')""V^/(x ) = A-"(Ft)-"V^'(x') = A-^ai(x,T) = X-^HT^Viix) (3.20) 

and therefore, 

y/(x') = A"-Vi(x). (3.21) 

Then, a simple comparison with (3.7) reveals that Vi transforms as a vector of conformal dimension 
(— n + 1), that is Eq. (3.19). Let us note that the electric and magnetic fields are given by 

Ei = — ^Ai , Bi = —CijkdjAf:. (3.22) 



Then, by using (3.10) and (3.18) we get 

Ei = -^Vi' = , B, = ^eijkdjVj:. (3.23) 

Therefore, in the magnetic case, the electric field vanish and the magnetic field is constant on super- 
Hubble scales only for 

/ = a^ (3.24) 

that is only for n = 2. 

3.2 The electric case 

The excitations of the vector field during a de Sitter epoch generate electric- like fluctuations if n < —1/2. 
In such a case, the solution is 

a, = {Hrr+^Udx) (3.25) 

and the conformal dimension of C/j is 

A[/ = n + 2. (3.26) 

Indeed, under rescalings 

a[{x\T') = {Ht'Y+^UHx') = X''-^\Ht)UI{x') = X-^ai{x,T) = \^^{HTY+^Ui{x) (3.27) 

and (3.26) easily follows. Note also that in this case, by using (3.10) and (3.25) the electric and magnetic 
flelds are 

Ei = -^{2n + l)H{HTf''Ui = -(2n + l)H{HTY+'^Ui , 

Bi = I^{HTf^+hi,kdjU^ = (Hrr+h.jkd.U^. (3.28) 

Therefore, in the electric case, the magnetic field vanish on super-Hubble scales whereas the electric field 
is constant only for 

/ = a"^ (3.29) 

i.e., for n = —2. Of course, this is related to the electric-magnetic duality in this case since under 
/ — )• 1//, electric and magnetic fields exchange their role [39]. 



4 The correlators of the vector field 



In order to describe the higher-order correlator of the vector fields we need to specify the dependence of 
the gauge coupling to the inflaton field, that is the function /((/)). We consider I{t) = I{(Po{t)) as I{4>) 
at the background value oi (f> = 4>o{t) during inflation. Fluctuations of the latter produce interactions of 
the form 



S; 



int 



d'^xdr 



9/2 



[AM/ - {VA,f) 



<l>0 



Following Ref. [28] for I [(f)) = a'^ir), we should have 



Then, we easily find that 



dP 



2nl (00 ) 



00 ■■"■^'(0o) 

By combining Friedmann and inflaton equations we flnd that 

V{^o) dlna 



y'(<^o) dcP 



and since 



To 



1+fe 



bo = t; + V2e(l + 6)lnT, 



where e is the slow roll parameter, we get that 

dlna 1 



d(j) 



Therefore, we find 



9/2 



2e 



nl\4>o). 



The above equation (4.7) can be integrated to give 

/2(<^)=72gy!n(0-</,o) 

Therefore the action (3.3) turns out to be 



Sa = -^ I d^xdr/'feV^"^'^-'^''^ lA'^ - (diA, - djAi) 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



(4.^ 



(4.9) 
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Expanding around (I)q given by the relation (4.5), the action turns out to be 

Sa = -^ /"d3xdr(/7r)-2" h + y?n5(A + "^6^^ + • • • J (^f - (d.Aj - djA.f^ . (4.10) 

Clearly, the interactions in the action (4.10) are confornial invariant if (f){x,T) has scaling dimension 
zero A^ = which we will assume from now on (therefore neglecting the small deviations from scale- 
invariance). In other words, the interaction of the vector field with the inflaton field are conformal 
invariant at any order in perturbation theory. This will become important in the following. We are now 
in the position to characterize the correlators involving the vector field. 

Let us first recall that in momentum space that the Ward identities associated to dilations and special 
conformal transformations in general D-dimensions of a symmetric, two-tensor A^-point amplitude A'l^ 
(primes indicate they are computed without Dirac delta functions), using (3.6), are given by 

6xA'i^ = I -diN - 1) + ^ (a, - 4 • 4) I -4L, (4.11) 

N 

h^A'im = i Yl {2(Aa - (i)% + kivl - 2K ■ 4% } A'l^ 



a=l 

N 



2i Y, { (-^^S,, - 5\dk^) J^nm + (5™9fc^"^ - C9fc.) Mi^] . (4.12) 



a=l 



We will see that the above transformations, together with the fact that A'l^ transforms as a symmetric 
two-tensor under S0(3) rotations is enough to determine their form. 

4.1 The magnetic case 

In the temporal Aq = gauge, the field Ai as well as ai and Vi are divergenceless VMj = V^a^ = V^Vi = 0. 
Then, by S0(3) covariance and momentum conservation, we get 

(^Aii^Aji-k)"^' = P{k) {6ij - a{k)hk,) (4.13) 

for the Fourier modes Ai{k) of the vector Ai{x). The divergenceless condition for Ai{x) is written as 
ki(Ai[k)Aj{—k)\ = 0, which specifies a = l/k"^ so that 

[A^,{k)A,{-k))' = P{k) ^6,, - Ml^ . (4.14) 

Finally, by using that 

^^•^a;(^.-1^)=o, (4.15) 
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P{k) is specified by the invariance under dilations and special confornial transformations (4.11) and (4.12) 
to satisfy 

I - 3 + 2(-n + 1) - kdAp{k) = 0. (4.16) 

The SO (3) symmetric solution to the above equation is 

m = ^, (4.17) 

where Cm is a constant. 

We can similarly determine the three-point function (6(j)AiAj ) by rotational and 3D conformal sym- 
metry. SO (3) covariance imposes for the Fourier modes Ai{k) of Ai{x) the form 

6(f){ki)Ai{k2)Aj{k3)^ = ci 6ij + C2 {k2)i{k:i)j + C3 (^2)^(^3)* + C4 {k2)i{k2)j + C5 ik3)j{k3)i, (4.18) 

where Cj = Ci(/ci, /c2 5 ^3)- By multiplying by (A;2)* and by {k^y , and using that Ai is divergenceless 
(A:* • Ai{k) = 0), we get the conditions 

= ci{k2)j + C2/c|(A;3)j + C3(A:2 • k3){k2)j + C4kj{k2)j + 05(^2 • k3){k?,)j 

= ci(A;3)* + C2kl{k2)i + 03(^2 • h){k3)i + £4(^2 • fe3)(A:2)* + c^klik^^. (4.19) 

The above equations specify the constants as 

c, = ^^MM 2^ C4 = ^^ c, = ^^ (4 20) 

{k2-kY (fc2-fc3)' (^2-^3)' (^2-^3)' 

and therefore, by appropriate parametrization, the three-point correlator can be written as 



where Ii^2 = A,2(^'i, ^2, ^3) and 



(5cl){ki)ai{k2)aj{k3))' = h Dij + h Aij, (4.21) 



A r Tx n \ fi \ n X {k2)i{k2)j (^3)1(^3)^ , {k2)i{k'i)j j- - , . 

Aij = k2 ■ k^dij - {k2)j{k3)i , Dij = 6^ -3 — -3 — -^ ,2^,2 ^ 2 • ^3- (4.22) 

^2 fe3 fe2 '''3 

The final step is to implement conformal invariance. Since the two terms in (4.20) containing /i and I2 
respectively are independent, they should be conformal invariant independently. On super-Hubble scales 
we may assume that Ii^2 have a series expansion in terms of ki,k2, k^ as 

h = aMkl' {k2ksf' + . . . , l2 = ^MkT (k2k3)'' + • • • , (4.23) 
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where ai, 02 are constants and we have also used the symmetry of the correlator (4.21) under simultaneous 
interchange i -f-)- j and k2 ■v^ k^- By using the relations 

^2 • 5/02 A jj = ^3 • dko,^ij = A.ij, 

k2 ■ dk.Dij = h ■ dk,D,j = 0, (4.24) 

and the fact the scaling dimensions of Scf) and Oj are A^,^ = and A a = Ay = — n + 1, respectively, we 
get from scaling invariance (4.11) that that 61 = —n — 2 — ai/2, 62 = —n — 3 — 02/2, i.e., 

r- "^^^" -- ^*-^^" (4.25) 



ik2k3r+^+^ ik2k3r+^+^ 

In addition, the implementation of special conformal invariance (4.12) gives that 02 = and a^/ = 
since it turns out that only I2 is invariant (up to C'((A;2A;3)~"^^) terms). Thus, conformal invariance with 
constant magnetic field at super Hubble scales (i.e. n = 2), specify the three-point function to be 



d<P{h)Aiik2)Aj{k3)) =^{k2- h5,, - {k2)j{k3)i) 



1,51,5 
"-2 "-3 



(4.26) 



We should mention that we could have consider instead of (4.23), the most general form 

h = aukT {k2k3t {k2 ■ h^ + • • • , h = fiukT {k2kzf' {h ■ h^ + ■■■ , (4.27) 

However, although scaling symmetry (4.11) can be satisfied with 

J ^ aMkl'{k2-k3Y^ J. ^ ^M k'l^h ■ h)'' .4 28) 

' (A;2A:3)"+2+^i+^ ' ' (A;2A;3)'^+3+,2+f ' ^ ' > 

special conformal symmetry leads again to 52 = 0, 02 = and om = 0, that is again to the solution 
(4.26). 

4.2 The electric case 

For the case of electric-like excitations, again by S0(3) covariance and momentum conservation, we get 

{u,{k)Uj{-k))' = P{k) (5., - ^) (4.29) 

and P{k) is similarly specified by the invariance under dilations and special conformal transformations 
(4.11) and (4.12) to satisfy 

|-3 + 2(n + 2)- A:(9^|P(A;) = 0. (4.30) 

The SO (3) symmetric solution to the above equation is 

P(A:) = C7sA;2"+i, (4.31) 
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where Ce is a constant. Then, smce Ai = {HT)'^"'~^^Ui, we get 

[Mk)Aj{-k))' = {Hrf^+^CE k'^"-' (% - ^) . (4.32) 

In particular, for a constant electric field at super-Hubble scales, n = —2 and we get 

AmM-k))' = {Hrr^^ (^S., - Ml^ , (4.33) 

whereas, the two-point correlator of the Fourier modes of the electric field is 

{m)E,{-k))' = 9H^^ [5, - ^) . (4.34) 

Similarly, it is straightforward to specify the three-point correlator (6(j)AiAj\ by rotational and 3D 
conformal symmetry. In this case we get 

6ct>{ki)Ui{k2)Uj{k^))' = h Dij + h \j, (4.35) 

where /i^2 = A, 2(^1; ^2) ^3)- Again, we may assume that /i^2 have a series expansion in terms of ki, k2, k^ 
at super-Hubble scales as 

h = aEkl' {k2ksf' + • • • , l2 = PeK' {k2h?' + ■■■ . (4.36) 

Then, by recalling that the scaling dimensions of 5(j) and Oj are A^,^ = and A^/ = n + 2, respectively, 
scaling invariance (4.11) of the three-point correlator gives that hi = n — 1 — ai/2, 62 = n — 2 — 02/2, 
that is 

aE kl' Pe K^ ,. ^. 

-'1 — --, -ST; -'2 — 7, -S^- l^.d/J 

(^2^3)'-"+^ (A:2A:3)'-"+^ 

In addition, by employing special conformal invariance we get now ai = and I3e = since in this case 
only Ii is invariant (up to order £'((^2^3)"""'^) terms) and hence 

{^5m)U^{k2)U,{k,)) = ^^-^-^ ^5,, - ^ ^- + ^p2-^2 • hj . (4.38) 

For a constant electric field at super Hubble scales n = —2, we therefore get 

5<j>{ki)Ai{k2)Aj{k2,)^ ={Ht) ^^-^|^5,j p p + ^2^2 k2 • fca j (4.39) 

and 

/ ^ ^ ^ \l Qff2„^ / (k^'\Ak^\. (k.\:(h.\. (k^\Akn\.^ ^\ 

(4.40) 



' _ 9H^aE ( _ ik2Uk2)j _ (fe3)^(fc3)i (^2M^)j 

{k2ksy^ V kl kl klkl 



d(t>{ki)Ei{k2)Ej[k3) ) = dij -^ — p^ — - H , n.n ^2 • K3 



14 



Note that again, introducing powers {k2 ■ k^Y i^ -^i' -^2 as we did in the magnetic case, do not change the 
(4.39) as special conformal invariance (4.12) leads again to g = 0. 

The results (4.26) and (4.40) are fully dictated by dilation and special conformal invariance. Indeed, 
since the de Sitter isometry group acts as conformal group on M"^ when the fluctuations are super-Hubble, 
the correlators must be of the form we found when perturbations are on super-Hubble scales. In other 
words, correlators may have a more complicated form in momentum space. Nevertheless, as soon as they 
are evaluated with all the corresponding wavelengths outside the Hubble radius, the symmetries of the 
problem dictate their form. This simple argument imposes that, while the amplitude of the correlators 
is not fixed by the symmetries, for sure it has to depend on a parameter signaling how long modes live 
outside the Hubble radius till the end of inflation. An educated guess for such a parameter is the number 
of e-folds N{kt) = ln(— /c^r) the given mode kt = (/ci + k2 + k^) spends outside the Hubble radius. 

This expectation is nicely confirmed by comparing our results with those of Refs. [32, 33, 39] where 
the three-point correlator among the inflaton field and two vector fields have been computed. A simple 
inspection of their results, e.g. Eq. (4.16) of Ref. [33] for the case n = 2 or Eqs. (46) and (47) of Ref. [32] 
for the case n = —2 (once some errors on the tensor parts are properly corrected), reveal that, despite 
the complexity of the full result, on super-Hubble scales there is only one dominant piece which is indeed 
proportional to N[kt) = \i\{—ktT). The reason is simple: as soon as N{kt) gets larger than unity, the 
symmetry arguments apply and the correlator has to acquire the shape dictated by the symmetries at 
hand. 

The symmetry arguments are in fact even more powerful. In the case in which there exists a back- 
ground electric field (possibly sustained by IR super-Hubble modes), but whose associated energy density 
is negligible, the 3D conformal symmetry is not spontaneously broken. This is as a consequence of the 
fact that the electric field E, or equivalently the field U in Eq. (3.27) (corresponding to n = —2), has zero 
conformal weight. This implies that the shape of correlators are the same at any order in perturbation 
theory. This is indeed what has been found in Ref. [39] (once the super-Hubble modes contributing to the 
electric field renormalize the background value), where the one-loop corrections for the curvature power 
spectrum and bispectrum have been shown to be the same as the tree-level ones. 

5 Conclusions 

In this paper we have investigated the properties of the vector perturbations generated during a primordial 
period of inflation on the basis of the symmetries present during such a stage. The key point of all our 
logic is that the de Sitter isometry group acts as conformal group on the three-dimensional Euclidean 
space for the super-Hubble fluctuations. This allows to characterize the correlators involving the inflaton 
and the vector flelds, determining their shapes and shedding some light on some results found in the recent 
literature. Our results may be relevant for the following reason: when analyzing the broken statistical 
invariances of the CMB modes, one needs some sort of guidance to parametrize such deviations from the 
standard set-up. Symmetries may provide such a guidance in the very same way the do when writing 
effective fleld theories in the infrared because the ultraviolet completion is missing. We will investigate 
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this issue in a separate publication. 
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